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TOPOLOGICAL PROPERTIES OF CONVOLUTOR SPACES VIA
THE SHORT-TIME FOURIER TRANSFORM
ANDREAS DEBROUWERE AND JASSON VINDAS
Abstract. We discuss the structural and topological properties of a general class of
weighted L1 convolutor spaces. Our general theory applies simultaneously to weighted
D′
L1
spaces as well as to convolutor spaces of the Gelfand-Shilov spaces of smooth
functions K{Mp}. In particular, we characterize those sequences of weight functions
(Mp)p∈N for which the space of convolutors for K{Mp} is ultrabornological, thereby
generalizing Grothendieck’s classical result for the space of rapidly decreasing distri-
butions O′C . Our methods lead to the first direct proof of the completeness of the
space of very slowly increasing smooth functions OC .
1. Introduction
In his fundamental book [36] Schwartz introduced the space of rapidly decreasing
distributions O′C(Rd) and showed that it is in fact the space of convolutors of S(Rd),
namely, a tempered distribution f ∈ S ′(Rd) belongs to O′C(Rd) if and only if f ∗ ϕ ∈
S(Rd) for all ϕ ∈ S(Rd) [36, Thm. IX, p. 244]. This characterization suggests to endow
O′C(Rd) with the initial topology with respect to the mapping1
O′C(Rd)→ Lb(S(Rd),S(Rd)) : f → (ϕ→ f ∗ ϕ).
This definition entails that O′C(Rd) is semi-reflexive and nuclear. A detailed study
of the locally convex structure of O′C(Rd) was carried out by Grothendieck in the last
part of his doctoral thesis [18]. He showed that this space is ultrabornological [18,
Chap. II, Thm. 16, p. 131] and that its strong dual is isomorphic to the (LF )-space of
very slowly increasing smooth functions OC(Rd) [18, Chap. II, p. 131]. Hence, OC(Rd)
is complete and its strong dual is isomorphic to O′C(Rd). We refer to [3, 5, 25, 26, 29]
for modern works concerning these spaces.
On the other hand, two classical results of Schwartz state that a distribution f ∈
D′(Rd) belongs to D′L1(Rd) = (B˙(Rd))′ if and only if f ∗ ϕ ∈ L1(Rd) for all ϕ ∈ D(Rd)
[36, Thm. XXV, p. 201] and that the strong bidual of B˙(Rd) is isomorphic to B(Rd)
[36, p. 203]. Weighted D′L1(Rd) spaces have been considered by Ortner and Wagner
[30] and, more recently, by Dimovski, Pilipovic´, and the second author in the broader
framework of distribution spaces associated to general translation-invariant Banach
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spaces [14]. The space D′L1(Rd) and its weighted variants play an essential role in the
convolution theory for distributions [35, 4, 31, 38].
The main goal of this article is to develop a unified approach towards these two
types of results and, at the same time, considerably extend them. More precisely, let
W = (wN)N∈N be a (pointwise) increasing sequence of positive continuous functions.
We define L1W(R
d) as the Fre´chet space consisting of all measurable functions f on Rd
such that ‖f‖L1wN := ‖fwN‖L1 <∞ for all N ∈ N and
O′C(D, L1W) := {f ∈ D′(Rd) : f ∗ ϕ ∈ L1W(Rd) for all ϕ ∈ D(Rd)}.
We endow O′C(D, L1W) with the initial topology with respect to the mapping2
O′C(D, L1W)→ Lb(D(Rd), L1W(Rd)) : f → (ϕ→ f ∗ ϕ).
Next, for a positive continuous function v on Rd, we define Bv(Rd) as the Fre´chet
space consisting of all ϕ ∈ C∞(Rd) such that ‖ϕ‖v,n := max|α|≤n ‖(∂αϕ)v‖L∞ <∞ for
all n ∈ N and B˙v(Rd) as the closure of D(Rd) in Bv(Rd). Finally, we introduce the
(LF )-spaces
BW◦(Rd) := lim−→
N∈N
B1/wN (Rd), B˙W◦(Rd) := lim−→
N∈N
B˙1/wN (Rd).
The main results of the present article can then be stated as follows:
Theorem 1.1. Let W = (wN)N∈N be an increasing sequence of positive continuous
functions and suppose that
(1.1) ∀N ∈ N ∃M ≥ N : sup
x∈Rd
wN(x+ · )
wM(x)
∈ L∞loc(Rd).
Then, (B˙W◦(Rd))′ = O′C(D, L1W) as sets. Moreover, the following statements are equiv-
alent:
(i) W satisfies the condition:
(1.2) ∀N ∈ N ∃M ≥ N ∀K ≥M ∃θ ∈ (0, 1) ∃C > 0 ∀x ∈ Rd :
wN(x)
1−θwK(x)
θ ≤ CwM(x).
(ii) BW◦(Rd) is complete.
(iii) B˙W◦(Rd) is complete.
(iv) O′C(D, L1W) is ultrabornological.
(v) (B˙W◦(Rd))′b = O′C(D, L1W).
In such a case, the strong bidual of B˙W◦(Rd) is isomorphic to BW◦(Rd).
Condition (1.2) is closely connected with Vogt’s condition (Ω) [28] that plays an
essential role in the splitting theory for Fre´chet spaces [37] and, in fact, the ideas of
some of our proofs in Section 3 stem from this theory.
By applying Theorem 1.1 to a constant sequence W = (w)N∈N, where w is a positive
continuous3 function on Rd such that supx∈Rd w(x+ · )/w(x) ∈ L∞loc(Rd), we obtain the
2Similarly as before, the continuity of the mapping ϕ→ f ∗ϕ follows from the closed graph theorem.
3In fact, as we shall show in Theorem 5.1, it suffices to assume that w is measurable.
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analogue of Schwartz’ results for a very general class of weighted D′L1(Rd) spaces (cf.
Theorem 5.1); see [14] for earlier work in this direction. Actually, to the best of our
knowledge, the full topological identity D′L1(Rd) = O′C(D, L1) even seems to be new
in the unweighted case; Schwartz only showed that these spaces coincide algebraically
and have the same bounded sets and null sequences [36, p. 202].
We shall also show that, under natural assumptions on the sequence W = (wN)N∈N,
the space O′C(D, L1W) coincides topologically with the space of convolutors for the
Gelfand-Shilov type spaces B˙W(Rd) := lim←−N∈N B˙wN (R
d). Hence, Theorem 1.1 also com-
prises a quantified version of Grothendieck’s results (cf. Theorem 6.5). The space of
convolutors of the space K1(Rd) of exponentially rapidly decreasing smooth functions
[27] was studied by Zielezny [41]. He claims that this space is ultrabornological but his
argument seems to contain a gap (see Remark 6.8); Theorem 6.5 contains this result
as a particular instance.
It is important to point out that the methods to be employed are completely different
from the ones used by Schwartz and Grothendieck. Namely, we first introduce weighted
(LF )-spaces of smooth functions and study their completeness; these spaces can be
considered as the natural analogue of OC(Rd) in the present setting. To this end,
we shall use abstract results concerning the regularity properties of (LF )-spaces [39,
40] which have their roots in Palamadov’s homological theory for (LF )-spaces [32].
Interestingly, when specialized to the space of very slowly increasing smooth functions,
our method supplies what appears to be the first known direct proof in the literature
of the completeness of OC(Rd). In the second part, we shall exploit the mapping
properties of the short-time Fourier transform (STFT ) [17] on various function and
distribution spaces to show that (B˙W◦(Rd))′ = O′C(D, L1W) as sets and to link the
topological properties of O′C(D, L1W) to those of BW◦(Rd) and B˙W◦(Rd). The proof
of Theorem 1.1 will then be achieved by combining this with the results obtained in
the first part of the article. In our opinion, the use of the STFT leads to transparent
and insightful proofs of rather subtle results. In this context, we highlight the papers
[5] in which the mapping properties of the STFT on O′C(Rd) are established by using
Schwartz’ theory of vector-valued distributions and [22] where weighted B′(Rd) and
B˙′(Rd) spaces are characterized in terms of the growth of convolution averages of their
elements via the STFT. We were inspired by both of these works. Finally, we would
also like to mention that ultradistributional analogues of our results are treated in the
forthcoming paper [11].
The plan of the article is as follows. In the auxiliary Section 2 we develop a theory
of the STFT which applies to all elements of D′(Rd). This framework will enable us
to deal with weight systems satisfying the very general condition (1.1). The locally
convex structure of the (LF )-spaces BW◦(Rd) and B˙W◦(Rd) is analyzed in Section 3. We
shall show that for these spaces all regularity conditions considered in the literature (in
particular, completeness) are equivalent to the fact that the weight system W satisfies
condition (1.2). For later use, we also characterize these spaces in terms of the STFT.
In the main Section 4 we study various structural and topological properties of the
space O′C(D, L1W) via the STFT and complete the proof of Theorem 1.1. Our results
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concerning weighted DL1 spaces are presented in Section 5. Finally, in Section 6, we
apply our general theory to discuss the spaces of convolutors of B˙W(Rd).
2. The short-time Fourier transform for general distributions
The aim of this auxiliary section is to define and study the STFT for general distri-
butions with respect to compactly supported smooth window functions. Most notably,
we prove reconstruction and desingularization formulas. These formulas will play an
important role in the rest of this article.
Our notation from distribution theory is standard. Given a compact K ⋐ Rd and
n ∈ N, we write DnK for the Banach space consisting of all ϕ ∈ Cn(Rd) with suppϕ ⊆ K
endowed with the norm
‖ϕ‖K,n := max
|α|≤n
max
x∈K
|∂αϕ(x)|.
For n = 0, we simply write ‖ · ‖K = ‖ · ‖K,0. We define
DK := lim←−
n∈N
DnK , D(Rd) := lim−→
K⋐Rd
DK .
Furthemore, we denote by E(Rd) and S(Rd) the space of smooth functions and rapidly
decreasing smooth functions on Rd, respectively, each endowed with their canonical
Fre´chet space structure. The dual spaces D′(Rd) and E ′(Rd) are the space of distri-
butions and the space of distributions with compact support, respectively. We endow
these spaces with their strong topologies.
Next, we recall some fundamental properties of the STFT on the space L2(Rd); for
further properties of the STFT we refer to the book [17]. As customary, the translation
and modulation operators are denoted by Txf = f( · − x) and Mξf = e2piiξ·f , for
x, ξ ∈ Rd, respectively. We also write fˇ = f( − · ) for reflection about the origin.
The STFT of a function f ∈ L2(Rd) with respect to a window function ψ ∈ L2(Rd) is
defined as
Vψf(x, ξ) := (f,MξTxψ)L2 =
∫
Rd
f(t)ψ(t− x)e−2piiξtdt, (x, ξ) ∈ R2d.
We have that ‖Vψf‖L2(R2d) = ‖ψ‖L2‖f‖L2. In particular, the mapping Vψ : L2(Rd) →
L2(R2d) is continuous. The adjoint of Vψ is given by the weak integral
V ∗ψF =
∫ ∫
R2d
F (x, ξ)MξTxψdxdξ, F ∈ L2(R2d).
If ψ 6= 0 and γ ∈ L2(Rd) is a synthesis window for ψ, that is, (γ, ψ)L2 6= 0, then
(2.1)
1
(γ, ψ)L2
V ∗γ ◦ Vψ = idL2(Rd) .
In order to be able to extend the STFT to the space of distributions D′(Rd) we
must first establish the mapping properties of the STFT on D(Rd). We need some
preparation. Given two l.c.s. (locally convex spaces) E and F we write E⊗̂piF , E⊗̂εF ,
E⊗̂iF for the completion of E⊗F with respect to the projective topology, ε-topology,
inductive topology, respectively [21]. If either E or F is nuclear, we simply write
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E⊗̂F = E⊗̂piF = E⊗̂εF . Now let d1, d2 ∈ N and K ⋐ Rd1 . We may identify the
space DK,x⊗̂S(Rd2ξ ) with the Fre´chet space consisting of all ϕ ∈ C∞(Rd1+d2x,ξ ) with
suppϕ ⊆ K × Rd2 such that
(2.2) |ϕ|K,n := max
|α|≤n
max
|β|≤n
sup
(x,ξ)∈K×Rd2
|∂αx∂βξ ϕ(x, ξ)|(1 + |ξ|)n <∞
for all n ∈ N. By [21, Thm. 2.3] we have the following isomorphism of l.c.s.
D(Rd1x )⊗̂iS(Rd2ξ ) ∼= lim−→
K⋐Rd1
DK,x⊗̂S(Rd2ξ ),
where the right-hand side is a strict (LF )-space. We then have:
Proposition 2.1. Let ψ ∈ D(Rd). Then,
Vψ : D(Rd)→ D(Rdx)⊗̂iS(Rdξ)
and
V ∗ψ : D(Rdx)⊗̂iS(Rdξ)→ D(Rd)
are well-defined continuous mappings.
Proof. We start with showing that Vψ is well-defined and continuous. Consider the
continuous linear mappings
S : D(Rdt )→ D(Rdx,t) : ϕ(t)→ ϕ(t)Txψ(t)
and
Ft : D(Rdx,t)→ D(Rdx)⊗̂iS(Rdξ) : ϕ(x, t)→
∫
Rd
ϕ(x, t)e−2piiξtdt
The result now follows from the representation Vψ = Ft◦S. We now treat V ∗ψ . Consider
the continuous linear mappings
S : D(Rdx)⊗̂iS(Rdξ)→ D(Rdt )⊗̂iS(R2dx,ξ) : ϕ(x, ξ)→ ϕ(x, ξ)MξTxψ(t)
and
idD(Rdt ) ⊗̂i1(x, ξ) : D(Rdt )⊗̂iS(R2dx,ξ)→ D(Rdt ) : ϕ(t, x, ξ)→
∫ ∫
Rd
ϕ(t, x, ξ)dxdξ.
The fact that V ∗ψ is well-defined and continuous now follows from the representation
V ∗ψ = idD(Rdt ) ⊗̂i1(x, ξ) ◦ S. 
Observe that, if ψ ∈ D(Rd)\{0} and γ ∈ D(Rd) is a synthesis window for ψ, the
reconstruction formula (2.1) reads as follows
(2.3)
1
(γ, ψ)L2
V ∗γ ◦ Vψ = idD(Rd) .
We are ready to define the STFT on the space D′(Rd). For ψ ∈ D(Rd) and f ∈
D′(Rd) we define
Vψf(x, ξ) := 〈f,MξTxψ〉 = e−2piiξx(f ∗Mξψˇ)(x), (x, ξ) ∈ R2d.
Clearly, Vψf is a smooth function on R
2d.
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Lemma 2.2. Let ψ ∈ D(Rd) and f ∈ D′(Rd). Then, for every K ⋐ Rd there is n ∈ N
such that
sup
(x,ξ)∈K×Rd
|Vψf(x, ξ)|
(1 + |ξ|)n <∞.
In particular, Vψf defines an element of (D(Rdx)⊗̂iS(Rdξ))′ via
〈Vψf, ϕ〉 :=
∫ ∫
R2d
Vψf(x, ξ)ϕ(x, ξ)dxdξ, ϕ ∈ D(Rdx)⊗̂iS(Rdξ).
Proof. Let K ⋐ Rd be arbitrary and set L = suppψ +K. Since suppMξTxψ ⊆ L for
all (x, ξ) ∈ K × Rd, there are n ∈ N and C > 0 such that
|Vψf(x, ξ)| ≤ |〈f,MξTxψ〉| ≤ C‖MξTxψ‖L,n, (x, ξ) ∈ K × Rd.
The result now follows from the fact that
‖MξTxψ‖L,n ≤ max
|α|≤n
∑
β≤α
(
α
β
)
(2π|ξ|)|β| sup
t∈L
‖∂α−βψ(t− x)‖
≤ (2π)n‖ψ‖suppψ,n(1 + |ξ|)n
for all (x, ξ) ∈ K × Rd. 
Lemma 2.3. Let ψ ∈ D(Rd) and let f ∈ D′(Rd). Then,
〈Vψf, ϕ〉 = 〈f, V ∗ψϕ〉, ϕ ∈ D(Rdx)⊗̂iS(Rdξ).
Proof. Let ϕ ∈ D(Rdx)⊗̂iS(Rdξ) be arbitrary. Since
ϕ(x, ξ)MξTxψ(t) ∈ D(Rdt )⊗̂iS(R2dx,ξ)
and
1(x, ξ)⊗̂if(t) = f(t)⊗̂i1(x, ξ) ∈ (D(Rdt )⊗̂iS(R2dx,ξ))′,
we have that
〈Vψf, ϕ〉 =
∫ ∫
R2d
〈f,MξTxψ〉ϕ(x, ξ)dxdξ = 〈1(x, ξ)⊗̂if(t), ϕ(x, ξ)MξTxψ(t)〉
= 〈f(t)⊗̂i1(x, ξ), ϕ(x, ξ)MξTxψ(t)〉 = 〈f(t),
∫ ∫
R2d
ϕ(x, ξ)MξTxψ(t)dxdξ〉
= 〈f, V ∗ψϕ〉. 
Let ψ ∈ D(Rd). We define the adjoint STFT of an element F ∈ (D(Rdx)⊗̂iS(Rdξ))′
as
〈V ∗ψF, ϕ〉 := 〈F, Vψϕ〉, ϕ ∈ D(Rd).
Notice that V ∗ψF ∈ D′(Rd) because of Proposition 2.1. We now have all the necessary
ingredients to establish the mapping properties of the STFT on D′(Rd).
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Proposition 2.4. Let ψ ∈ D(Rd). Then,
Vψ : D′(Rd)→ (D(Rdx)⊗̂iS(Rdξ))′b
and
V ∗ψ : (D(Rdx)⊗̂iS(Rdξ))′b → D′(Rd)
are well-defined continuous mappings. Moreover, if ψ ∈ D(Rd)\{0} and γ ∈ D(Rd) is
a synthesis window for ψ, then
(2.4)
1
(γ, ψ)L2
V ∗γ ◦ Vψ = idD′(Rd)
and the desingularization formula
(2.5) 〈f, ϕ〉 = 1
(γ, ψ)L2
∫ ∫
R2d
Vψf(x, ξ)Vγϕ(x,−ξ)dxdξ
holds for all f ∈ D′(Rd) and ϕ ∈ D(Rd).
Proof. The mapping Vψ is continuous because of Lemma 2.3 and the continuity of
V ∗ψ : D(Rdx)⊗̂iS(Rdξ) → D(Rd) (Proposition 2.1), while V ∗ψ is continuous because of
the continuity of Vψ : D(Rd) → D(Rdx)⊗̂iS(Rdξ) (Proposition 2.1). Next, suppose that
ψ ∈ D(Rd)\{0} and γ ∈ D(Rd) is a synthesis window for ψ. Let f ∈ D′(Rd) and
ϕ ∈ D(Rd) be arbitrary. Lemma 2.3 and the reconstruction formula (2.3) imply that
〈V ∗γ (Vψf), ϕ〉 = 〈Vψf, Vγϕ〉 = 〈f, V ∗ψ (Vγϕ)〉 = (γ, ϕ)L2〈f, ϕ〉,
that is, (2.4) and (2.5) hold. 
Finally, we show that, for f ∈ E ′(Rd), the desingularization formula (2.5) holds for all
ϕ ∈ E(Rd). To this end, we briefly discuss the STFT on E(Rd) and E ′(Rd). The space
E(Rdx)⊗̂S(Rdξ) may be identified with the Fre´chet space consisting of all ϕ ∈ C∞(R2dx,ξ)
such that |ϕ|K,n <∞ for all K ⋐ Rd and n ∈ N (cf. (2.2)).
Proposition 2.5. Let ψ ∈ D(Rd).
(i) The mapping
Vψ : E(Rd)→ E(Rdx)⊗̂S(Rdξ)
is well-defined and continuous.
(ii) Let f ∈ E ′(Rd). Then, there are a compact K ⋐ Rd and n ∈ N such that
suppVψf ⊆ K × Rd and
sup
(x,ξ)∈K×Rd
|Vψf(x, ξ)|
(1 + |ξ|)n <∞.
In particular, Vψf defines an element of (E(Rdx)⊗̂S(Rdξ))′ via
〈Vψf, ϕ〉 :=
∫ ∫
R2d
Vψf(x, ξ)ϕ(x, ξ)dxdξ, ϕ ∈ E(Rdx)⊗̂S(Rdξ).
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Proof. (i) It suffices to observe that we can factor Vψ = Ft ◦ S through the continuous
linear mappings
S : E(Rdt )→ E(Rdx)⊗̂S(Rdt ) : ϕ(t)→ ϕ(t)Txψ(t)
and
Ft : E(Rdx)⊗̂S(Rdt )→ E(Rdx)⊗̂S(Rdξ) : ϕ(x, t)→
∫
Rd
ϕ(x, t)e−2piiξtdt.
(ii) Since suppMξTxψ ⊆ suppψ + x for all (x, ξ) ∈ R2d, we obtain that Vψf(x, ξ) =
〈f,MξTxψ〉 = 0 for all (x, ξ) /∈ (supp f − suppψ)× Rd, that is, suppVψf ⊆ (supp f −
suppψ)× Rd. The second part follows from Lemma 2.2. 
Corollary 2.6. Let ψ ∈ D(Rd)\{0} and γ ∈ D(Rd) be a synthesis window for ψ.
Then, the desingularization formula (2.5) holds for all f ∈ E ′(Rd) and ϕ ∈ E(Rd).
Proof. Let f ∈ E ′(Rd) and ϕ ∈ E(Rd) be arbitrary. Choose a sequence (ϕn)n∈N ⊂ D(Rd)
such that ϕn → ϕ in E(Rd). Hence the desingularization formula (2.5) and Proposition
2.5 imply that
〈f, ϕ〉 = lim
n→∞
〈f, ϕn〉 = lim
n→∞
〈Vψf, Vγϕn〉 = 〈Vψf, Vγϕ〉,
so that (2.5) holds for f and ϕ. 
3. Weighted inductive limits of smooth functions
In this section we introduce two general classes of weighted inductive limits of smooth
functions defined via a decreasing sequence of positive continuous functions. Our main
goal is to characterize the completeness of these spaces in terms of the defining sequence
of weight functions. In order to do so, we first recall several regularity conditions for
general (LF )-spaces. Furthermore, we also establish the mapping properties of the
STFT on these spaces; we shall systematically employ the latter results in Sections 4
and 6.
3.1. Regularity conditions for general (LF )-spaces. A Hausdorff l.c.s. E is called
an (LF )-space if there is a sequence (EN )N∈N of Fre´chet spaces with EN ⊂ EN+1 and
continuous inclusion mappings such that E =
⋃
N∈NEN and the topology of E coincides
with the finest locally convex topology for which all inclusion mappings En → E are
continuous. We emphasize that, for us, (LF )-spaces are Hausdorff by definition. We
call (EN)N a defining inductive spectrum for E and write E = lim−→N EN . If all the EN
are Banach spaces, E is called an (LB)-space.
Let E = lim−→N EN be an (LF )-space. We shall consider the following regularity
conditions on E:
(i) E is said to be boundedly retractive if for every bounded set B in E there is
N ∈ N such that B is contained in EN and E and EN induce the same topology
on B.
(ii) E is said to be regular if for every bounded set B in E there is N ∈ N such
that B is contained in EN .
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(iii) E is said to be β-regular if for every N ∈ N and every subset B of EN that is
bounded in E there is M ≥ N such that B is bounded in EM .
(iv) E is said to satisfy condition (wQ) if for every N ∈ N there are a neighborhood
U of 0 in EN and M ≥ N such that for every K ≥M and every neighborhood
W of 0 in EM there are neighborhood V of 0 in EK and λ > 0 such that
V ∩U ⊆ λW . If (‖ · ‖N,n)n∈N is a fundamental sequence of seminorms for EN ,
then E satisfies (wQ) if and only if
∀N ∈ N ∃M ≥ N ∃n ∈ N ∀K ≥M ∀m ∈ N ∃k ∈ N ∃C > 0 ∀e ∈ EN :
‖e‖M,m ≤ C(‖e‖N,n + ‖e‖K,k).
We have the following chain of implications (cf. [39] and the references therein)
(3.1) boundedly retractive⇒ complete⇒ regular⇒ β-regular⇒ (wQ).
Finally, E is said to be boundedly stable if for every N ∈ N and every bounded set B
in EN there is M ≥ N such that for every K ≥ M the spaces EM and EK induce the
same topology on B. Grothendieck’s factorization theorem (see e.g. [23, p. 225 (4)])
implies that all of these conditions do not depend on the defining inductive spectrum
of E. This justifies calling an (LF )-space boundedly retractive, etc., if one (and thus
all) of its defining inductive spectra has this property. The following theorem shall be
of crucial importance for us.
Theorem 3.1 ([40, Thm. 6.4]). An (LF )-space is boundedly retractive if and only if
it satisfies (wQ) and is boundedly stable.
3.2. Regularity properties. We now introduce the weighted (LF )-spaces of smooth
functions that we shall be concerned with. Let v be a non-negative function on Rd and
let n ∈ N. We define Bnv (Rd) as the seminormed space consisting of all ϕ ∈ Cn(Rd)
such that
‖ϕ‖v,n := max
|α|≤n
sup
x∈Rd
|∂αϕ(x)|v(x).
The closure of D(Rd) in Bnv (Rd) is denoted by B˙nv (Rd). Clearly, the latter space consists
of all ϕ ∈ Cn(Rd) such that
lim
|x|→∞
|∂αϕ(x)|v(x) = 0
for all |α| ≤ n and we also endow it with the norm ‖ · ‖v,n. If v is positive and v−1
is locally bounded, Bnv (Rd) and B˙nv (Rd) are Banach spaces. These requirements are
fulfilled if v is positive and continuous. For n = 0, we simply write B0v(Rd) = Cv(Rd),
B˙0v(Rd) = C(v)0(Rd), and ‖ · ‖v,0 = ‖ · ‖v. Furthermore, we set
Bv(Rd) := lim←−
n∈N
Bnv (Rd), B˙v(Rd) := lim←−
n∈N
B˙nv (Rd).
A pointwise decreasing sequence V := (vN)N∈N of positive continuous functions on Rd
is called a decreasing weight system. We define the following (LF )-spaces
BV(Rd) := lim−→
N∈N
BvN (Rd), B˙V(Rd) := lim−→
N∈N
B˙vN (Rd).
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Remark 3.2. If V = (vN)N satisfies condition (V ) (cf. [7, p. 114]), i.e.,
∀N ∈ N ∃M > N : lim
|x|→∞
vM(x)/vN (x) = 0,
then BV(Rd) = B˙V(Rd) and this space is an (LFS)-space (= inductive limit of (FS)-
spaces).
We shall often need to impose the following mild condition on V:
(3.2) ∀N ∈ N ∃N˜ ≥ N : gN,N˜ := sup
x∈Rd
vN˜ (x+ · )
vN(x)
∈ L∞loc(Rd).
We are ready to discuss the regularity properties of the (LF )-spaces BV(Rd) and
B˙V(Rd) in terms of the defining decreasing weight system V. We need the following
definition.
Definition 3.3. A decreasing weight system V = (vN)N is said to satisfy (Ω) if
∀N ∈ N ∃M ≥ N ∀K ≥M ∃θ ∈ (0, 1) ∃C > 0 ∀x ∈ Rd :
vM (x) ≤ CvN(x)1−θvK(x)θ.
Theorem 3.4. Let V = (vN )N be a decreasing weight system satisfying (3.2). Then,
the following statements are equivalent:
(i) V satisfies (Ω).
(ii) BV(Rd) is boundedly retractive.
(iii) BV(Rd) satisfies (wQ).
(ii)′ B˙V(Rd) is boundedly retractive.
(iii)′ B˙V(Rd) satisfies (wQ).
The proof of Theorem 3.4 is based on the ensuing three lemmas.
Lemma 3.5. Let V = (vN)N be a decreasing weight system satisfying (Ω). Then,
BV(Rd) and B˙V(Rd) are boundedly stable.
Proof. Notice that B˙V(Rd) is boundeldly stable if BV(Rd) is so. Hence, it suffices to show
that BV(Rd) is boundedly stable. Let N ∈ N be arbitrary and chooseM ≥ N according
to (Ω). We shall show that for all K ≥ M the spaces BvK (Rd) and BvM (Rd) induce
the same topology on the bounded sets B of BvN (Rd). We only need to prove that the
topology induced by BvK (Rd) is finer than the one induced by BvM (Rd). Consider the
basis of neighborhoods of 0 in BvM (Rd) given by
U(n, ε) = {ϕ ∈ BvM (Rd) : ‖ϕ‖vM ,n ≤ ε}, n ∈ N, ε > 0.
Let n ∈ N and ε > 0 be arbitrary. Choose θ ∈ (0, 1) and C > 0 such that vM(x) ≤
CvN(x)
1−θvK(x)
θ for all x ∈ Rd. Set δ = (ε/C)1/θ(supϕ∈B ‖ϕ‖vN ,n)−(1−θ)/θ and V =
{ϕ ∈ BvK (Rd) : ‖ϕ‖vK ,n ≤ δ}. We claim that V ∩B ⊆ U(n, ε). Indeed, for ϕ ∈ V ∩B
we have that
‖ϕ‖vM ,n = max
|α|≤n
sup
x∈Rd
|∂αϕ(x)|vM(x) ≤ Cmax
|α|≤n
sup
x∈Rd
(|∂αϕ(x)|vN(x))1−θ(|∂αϕ(x)|vK(x))θ
≤ C‖ϕ‖1−θvN ,n‖ϕ‖θvK ,n ≤ ε. 
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Lemma 3.6. Let V = (vN )N be a decreasing weight system satisfying (3.2) and (Ω).
Then,
∀N ∈ N ∃M ≥ N ∀K ≥M ∀m ∈ N ∃k ∈ N ∃ρ ∈ (0, 1) ∃C > 0 ∀ϕ ∈ BvN (Rd) :
‖ϕ‖vM ,m ≤ C(‖ϕ‖1−ρvN ‖ϕ‖ρvK ,k).
Proof. The proof is based on the following multivariate version of Gorny’s inequality,
shown in [15, Ex. 3.13]: For all m, k ∈ N with m ≤ k there is C > 0 such that
‖f‖[−1,1]d,m ≤ C‖f‖1−(m/k)[−1,1]d ‖f‖
m/k
[−1,1]d,k
, f ∈ C∞([−1, 1]d).
Let N ∈ N be arbitrary and choose N˜ ≥ N as in (3.2). Next, choose M ≥ N˜ according
to (Ω). Let K ≥ M and m ∈ N be arbitrary. Choose K˜ ≥ K as in (3.2). There is
θ ∈ (0, 1) and C ′ > 0 such that vM(x) ≤ C ′vN˜(x)1−θvK˜(x)θ for all x ∈ Rd. Finally,
let k ∈ N be so large that ρ = m/k ≤ θ. Notice that for 0 ≤ a ≤ b it holds that
b1−θaθ ≤ b1−ρaρ. Hence, for ϕ ∈ BvN (Rd), it holds that
‖ϕ‖vM ,m ≤ sup
x∈Rd
‖T−xϕ‖[−1,1]d,mvM (x)
≤ CC ′ sup
x∈Rd
‖T−xϕ‖1−(m/k)[−1,1]d ‖T−xϕ‖
m/k
[−1,1]d,k
vN˜ (x)
1−θvK˜(x)
θ
≤ CC ′( sup
x∈Rd
‖T−xϕ‖[−1,1]dvN˜(x))1−ρ( sup
x∈Rd
‖T−xϕ‖[−1,1]d,kvK˜(x))ρ.
The result now follows from the fact that
sup
x∈Rd
‖T−xϕ‖[−1,1]d,jvJ˜ (x) ≤ ‖gˇJ,J˜‖[−1,1]d‖ϕ‖vJ ,j,
for all j, J ∈ N and ϕ ∈ BvJ (Rd). 
In the next lemma, s denotes the Fre´chet space of rapidly decreasing sequences, that
is, the space consisting of all sequences (cj)j∈N ∈ CN such that supj∈N |cj|jk < ∞ for
all k ∈ N.
Lemma 3.7. Let V = (vN )N be a decreasing weight system and let E be a Fre´chet space
such that E ∼= s topologically. Let (‖ · ‖n)n∈N be a fundamental increasing sequence of
seminorms and suppose that the pair (E,V) satisfies (S2)∗ (cf. [2, Lemma 2.1]), i.e.,
∀N ∈ N ∃M ≥ N ∃n ∈ N ∀K ≥M ∀m ∈ N ∃k ∈ N ∃C > 0 ∀e ∈ E ∀x ∈ Rd :
vM(x)‖e‖m ≤ C(vN(x)‖e‖n + vK(x)‖e‖k).
Then, V satisfies (Ω).
Proof. If E and F are topologically isomorphic Fre´chet spaces, then (E,V) satisfies
(S2)
∗ if and only if (F,V) does so. Hence, it suffices to show that V satisfies (Ω)
provided that (s,V) satisfies (S2)∗. This is essentially shown in [37, Thm. 4.1] but we
repeat the argument for the sake of completeness. Let N ∈ N be arbitrary and choose
M ≥ N as in (S2)∗. Let K ≥ M be arbitrary. Choose k ∈ N according to (S2)∗ for
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m = n + 1. We may assume that k > m. Applying (S2)
∗ to the unit vectors in s we
obtain that
vM(x) ≤ C
(
vN (x)
j
+ vK(x)j
(k−m)
)
for all x ∈ Rd and j ∈ Z+ and some C ≥ 1, which implies that
vM(x) ≤ 2k−mC
(
vN (x)
r
+ vK(x)r
(k−m)
)
for all x ∈ Rd and r > 0. The result now follows by minimizing the right-hand side for
r > 0 (with x ∈ Rd fixed). 
Proof of Theorem 3.4. The implications (ii) ⇒ (iii) and (ii)′ ⇒ (iii)′ hold for general
(LF )-spaces (cf. Subsection 3.1). Observe that B˙V(Rd) satisfies (wQ) if BV(Rd) does
so, that is, (iii) ⇒ (iii)′. Next, in view of Theorem 3.1, (i) ⇒ (ii) and (i) ⇒ (ii)′
follow directly from Lemmas 3.5 and 3.6. Finally, we show (iii)′ ⇒ (i). By Lemma 3.7
and the fact that D[−1,1]d ∼= s topologically [28, Prop. 31.12], it suffices to show that
(D[−1,1]d,V) satisfies (S2)∗. Let N ∈ N be arbitrary and choose N˜ ≥ N as in (3.2).
Next, choose M ≥ N˜ and n ∈ N according to (wQ). Pick M˜ ≥ M as in (3.2). We
shall show (S2)
∗ for M˜ and n. Let K ≥ M˜ and m ∈ N be arbitrary. Choose K˜ ≥ K
as in (3.2). By (wQ) there are k ∈ N and C > 0 such that
‖ϕ‖vM ,m ≤ C
(
‖ϕ‖v
N˜
,n + ‖ϕ‖v
K˜
,k
)
, ϕ ∈ B˙vN (Rd).
Let x ∈ Rd and ϕ ∈ D[−1,1]d be arbitrary. For all j, J ∈ N we have that Txϕ ∈ D(Rd) ⊂
B˙vJ (Rd) and
‖Txϕ‖v
J˜
,j ≤ ‖gJ,J˜‖[−1,1]dvJ(x)‖ϕ‖[−1,1]d,j
and
vJ˜(x)‖ϕ‖[−1,1]d,j ≤ ‖gˇJ,J˜‖[−1,1]d‖Txϕ‖vJ ,j.
Hence,
vM˜ (x)‖ϕ‖[−1,1]d,m ≤ ‖gˇM,M˜‖[−1,1]d‖Txϕ‖vM ,m
≤ C‖gˇM,M˜‖[−1,1]d(‖Txϕ‖vN˜ ,n + ‖Txϕ‖vK˜ ,k)
≤ C ′(vN(x)‖ϕ‖[−1,1]d,n + vK(x)‖ϕ‖[−1,1]d,k),
where
C ′ = C‖gˇM,M˜‖[−1,1]d max{‖gN,N˜‖[−1,1]d, ‖gK,K˜‖[−1,1]d}. 
3.3. Characterization via the STFT. We now turn our attention to the mapping
properties of the STFT on the spaces BV(Rd) and B˙V(Rd). The following two technical
lemmas are needed.
Lemma 3.8. Let ψ ∈ D(Rd) and let w and v be positive continuous functions on Rd
such that
(3.3) g := sup
x∈Rd
v(x+ ·)
w(x)
∈ L∞loc(Rd).
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Then, the mappings
Vψ : Bnw(Rd)→ Cv ⊗ (1 + | · |)n(R2dx,ξ)
and
Vψ : B˙nw(Rd)→ C(v ⊗ (1 + | · |)n)0(R2dx,ξ)
are well-defined and continuous.
Proof. Set K = suppψ and let ϕ ∈ Bnw(Rd) be arbitrary. For all (x, ξ) ∈ R2d it holds
that
|Vψϕ(x, ξ)|v(x)(1 + |ξ|)n ≤ (1 +
√
d)nmax
|α|≤n
|ξαVψϕ(x, ξ)|v(x)
≤ (1 +
√
d)nmax
|α|≤n
(2π)−|α|
∑
β≤α
(
α
β
)∫
K
|∂βϕ(t+ x)|w(t+ x)gˇ(t)|∂α−βψ(t)|dt
≤ (1 +
√
d)n|K|‖ψ‖K,n‖gˇ‖K max
|α|≤n
sup
t∈K
|∂αϕ(t+ x)|w(t+ x),
which shows the continuity of Vψ on Bnw(Rd). We still need to show that Vψ(B˙nw(Rd)) ⊆
C(v ⊗ (1 + | · |)n)0(R2dx,ξ). Let ϕ ∈ B˙nw(Rd) be arbitrary. The above inequality shows
that
lim
|x|→∞
sup
ξ∈Rd
|Vψϕ(x, ξ)|v(x)(1 + |ξ|)n = 0.
Hence, we only need to prove that
lim
|ξ|→∞
sup
x∈L
|Vψϕ(x, ξ)|v(x)(1 + |ξ|)n = 0
for all compacts L ⋐ Rd. Since
sup
x∈L
|Vψϕ(x, ξ)|v(x)(1 + |ξ|)n
≤ (1 +
√
d)n‖v‖L sup
x∈L
max
|α|≤n
(2π)−|α|
∑
α≤β
(
α
β
)
|F(∂βϕTx∂α−βψ)(ξ)|,
it suffices to show that
lim
|ξ|→∞
sup
x∈L
|F(fTxχ)(ξ)| = lim
|ξ|→∞
sup
x∈L
|〈e−2piitξ, f(t)Txχ(t)〉(L∞,L1)| = 0
for all f ∈ C(Rd) and χ ∈ D(Rd). Since the set {e−2piitξ | ξ ∈ Rd} is bounded in L∞(Rdt )
and lim|ξ|→∞ e
−2piitξ = 0 in L∞(Rdt ) endowed with the weak-∗ topology (Riemann-
Lebesgue lemma), we obtain that lim|ξ|→∞ e
−2piitξ = 0 on compact subsets of L1(Rd).
The result now follows by observing that the set {fTxχ | x ∈ L} is compact in L1(Rd).

Lemma 3.9. Let ψ ∈ D(Rd) and let w and v be positive continuous functions on Rd
for which (3.3) holds. Then, the mappings
V ∗ψ : Cw ⊗ (1 + | · |)n+d+1(R2dx,ξ)→ Bnv (Rd)
and
V ∗ψ : C(w ⊗ (1 + | · |)n+d+1)0(R2dx,ξ)→ B˙nv (Rd)
are well-defined and continuous.
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Proof. Set K = suppψ and let F ∈ Cw ⊗ (1 + | · |)n+d+1(R2dx,ξ) be arbitrary. For all
t ∈ Rd and |α| ≤ n it holds that
|∂αV ∗ψF (t)|v(t) ≤
∑
β≤α
(
α
β
)
v(t)
∫ ∫
R2d
|F (x, ξ)|(2π|ξ|)|β||∂α−βψ(t− x)|dxdξ
≤ (2π)n|K|‖ψ‖K,n‖g‖K
∫
Rd
sup
x∈K
|F (t− x, ξ)|w(t− x)(1 + |ξ|)n+d+1
(1 + |ξ|)d+1 dξ,
which shows the continuity of Vψ on Cw⊗(1+ | · |)n+d+1(R2dx,ξ). The fact that V ∗ψ (C(w⊗
(1 + | · |)n+d+1)0(R2dx,ξ)) ⊆ B˙nv (Rd) follows from the above inequality and Lebesgue’s
dominated convergence theorem. 
Given a decreasing weight system V = (vN)N , we define the following (LF )-spaces
of continuous functions
VpolC(R2d) := lim−→
N∈N
lim←−
n∈N
CvN ⊗ (1 + | · |)n(R2d)
and
Vpol,0C(R2d) := lim−→
N∈N
lim←−
n∈N
C(vN ⊗ (1 + | · |)n)0(R2d).
Lemmas 3.8 and 3.9 together with (2.5) directly imply the ensuing two results.
Proposition 3.10. Let ψ ∈ D(Rd) and let V = (vN)N be a decreasing weight system
satisfying (3.2). Then, the mappings
Vψ : BV(Rd)→ VpolC(R2dx,ξ)
and
V ∗ψ : VpolC(R2dx,ξ)→ BV(Rd)
are well-defined and continuous. Moreover, if ψ 6= 0 and γ ∈ D(Rd) is a synthesis
window for ψ, then
1
(γ, ψ)L2
V ∗γ ◦ Vψ = idBV (Rd) .
Proposition 3.11. Let ψ ∈ D(Rd) and let V = (vN)N be a decreasing weight system
satisfying (3.2). Then, the mappings
Vψ : B˙V(Rd)→ Vpol,0C(R2dx,ξ)
and
V ∗ψ : Vpol,0C(R2dx,ξ)→ B˙V(Rd)
are well-defined and continuous.
Finally, we combine Proposition 3.10 with a result concerning the projective descrip-
tion of weighted (LF )-spaces of continuous functions from [6] to give an explicit system
of seminorms generating the topology of BV(Rd) in case V satisfies (Ω); this will be of
vital importance later on.
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A double sequence U := (uN,n)(N,n)∈N2 of positive continuous functions on Rd is called
a weight system if uN,n(x) ≥ uN+1,n(x) and uN,n(x) ≤ uN,n+1(x) for all N, n ∈ N and
x ∈ Rd. We define the following (LF )-space
UC(Rd) := lim−→
N∈N
lim←−
n∈N
CuN,n(R
d).
The maximal Nachbin family associated with U , denoted by U = U(U), is given by the
space of all non-negative upper semicontinuous functions u on Rd for which there is
a sequence of natural numbers (nN)N∈N such that supx∈Rd u(x)/uN,nN (x) < ∞ for all
N ∈ N. We define CU(Rd) as the space consisting of all f ∈ C(Rd) such that ‖f‖u <∞
for all u ∈ U and endow it with the locally convex topology generated by the system of
seminorms {‖ · ‖u : u ∈ U}. Clearly, UC(Rd) is densely and continuously included in
CU(Rd). The problem of projective description in this context is to find conditions on
U which ensure that UC(Rd) and CU(Rd) coincide algebraically and/or topologically.
This problem was thoroughly studied by Bierstedt and Bonet in [6]. We shall use the
following result of these authors4:
Theorem 3.12. ([6, p. 42, Cor. 5]) Let U := (uN,n)N,n be a weight system satisfying
condition (Q), i.e.,
∀N ∈ N ∃M ≥ N ∃n ∈ N ∀K ≥M ∀m ∈ N ∀ε > 0 ∃k ∈ N ∃C > 0 ∀x ∈ Rd :
uM,m(x) ≤ εuN,n(x) + CuK,k(x).
Then, UC(Rd) = CU(Rd) topologically.
We are now able to show the following result:
Proposition 3.13. Let V = (vN)N be a decreasing weight system satisfying (Ω). Then,
the weight system
Vpol = (vN ⊗ (1 + | · |)n)N,n
(defined on R2d) satisfies (Q). Consequently, if V satisfies (3.2) and ψ ∈ D(Rd)\{0}
is fixed, f ∈ D(Rd) belongs to BV(Rd) if and only if ‖Vψf‖u < ∞ for all u ∈ U(Vpol).
Moreover, the topology of BV(Rd) is generated by the system of seminorms {‖Vψ( · )‖u :
u ∈ U(Vpol)}.
Proof. The second part follows from the first part, Theorem 3.12, and Proposition 3.10.
We now prove that Vpol satisfies (Q) if V satisfies (Ω) by employing the same idea as
in [37, Thm. 5.1]. We shall show (Q) with n = 0. Let N ∈ N be arbitrary and choose
M ≥ N according to (Ω). Next, let K ≥ M and m ∈ N be arbitrary. Condition (Ω)
implies that there are θ ∈ (0, 1) and C > 0 such that vM (x) ≤ CvN (x)1−θvK(x)θ for
all x ∈ Rd. Choose k ∈ N so large that kθ ≥ m. Now let ε > 0 be arbitrary and set
C ′ = (Cεθ−1)1/θ. We claim that
vM (x)(1 + |ξ|)m ≤ εvN(x) + C ′vK(x)(1 + |ξ|)k, (x, ξ) ∈ R2d.
4In fact, thiz result holds for weight systems defined on a general locally compact Hausdorff space.
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Let (x, ξ) ∈ R2d be arbitrary. If vM(x)(1 + |ξ|)m ≤ εvN(x), we are done. So, we may
assume that vM (x)(1 + |ξ|)m > εvN(x). Hence,
vM(x)(1 + |ξ|)m ≤ CvN (x)1−θ(vK(x)(1 + |ξ|)k))θ
≤ Cεθ−1(vM(x)(1 + |ξ|)m)1−θ(vK(x)(1 + |ξ|)k)θ,
and, thus, vM (x)(1 + |ξ|)m ≤ C ′vK(x)(1 + |ξ|)k. 
4. On a class of weighted L1 convolutor spaces
In this section we introduce a class of weighted L1 convolutor spaces O′C(D, L1W)
(see definition below) defined via an increasing sequence of positive continuous func-
tions W. In the main theorem of this section we characterize the increasing weight
systems W for which the space O′C(D, L1W) is ultrabornological. To achieve this goal,
we first study various structural and topological properties of these spaces; most no-
tably, we determine a topological predual and give an explicit description of the dual
of O′C(D, L1W). Since the proof of the latter results will rely heavily on the mapping
properties of the STFT on O′C(D, L1W), we start with a discussion of the STFT on this
space.
Let w be a positive measurable function on Rd. We define L1w(R
d) as the Banach
space consisting of all measurable functions f on Rd such that
‖f‖L1w :=
∫
Rd
|f(x)|w(x)dx <∞.
A pointwise increasing sequence W := (wN)N∈N of positive continuous functions on Rd
is called an increasing weight system. Set
L1W(R
d) := lim←−
N∈N
L1wN (R
d).
We are interested in the following convolutor spaces
(4.1) O′C(D, L1W) := {f ∈ D′(Rd) : f ∗ ϕ ∈ L1W(Rd) for all ϕ ∈ D(Rd)}.
For f ∈ O′C(D, L1W) fixed, the mapping D(Rd) → L1W(Rd) : ϕ → f ∗ ϕ is continuous,
as follows from the continuity of the mapping D(Rd) → E(Rd) : ϕ → f ∗ ϕ and the
closed graph theorem. We endow O′C(D, L1W) with the initial topology with respect to
the mapping
O′C(D, L1W)→ Lb(D(Rd), L1W(Rd)) : f → (ϕ→ f ∗ ϕ).
Next, we define DL1
W
(Rd) as the Fre´chet space consisting of all ϕ ∈ C∞(Rd) such that
max
|α|≤n
‖∂αϕ‖L1wN <∞
for all N, n ∈ N. Set
O′C(D,DL1
W
) := {f ∈ D′(Rd) : f ∗ ϕ ∈ DL1
W
(Rd) for all ϕ ∈ D(Rd)}
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and endow this space with the initial topology with respect to the mapping5
O′C(D,DL1
W
)→ Lb(D(Rd),DL1
W
(Rd)) : f → (ϕ→ f ∗ ϕ).
The verification of the next lemma is left to the reader.
Lemma 4.1. Let W = (wN)N be an increasing weight system. Then,
O′C(D, L1W) = O′C(D,DL1
W
)
topologically.
Finally, we introduce the following condition on W = (wN)N (cf. (3.2)):
(4.2) ∀N ∈ N ∃N˜ ≥ N : hN,N˜ := sup
x∈Rd
wN(x+ · )
wN˜(x)
∈ L∞loc(Rd).
4.1. Characterization via the STFT. We now discuss the mapping properties of
the STFT on the spaceO′C(D, L1W). To do so, we need to introduce some more notation.
We set P := ((1 + | · |)−n)n, a decreasing weight system, and write
PC(Rd) := lim−→
n∈N
C(1 + | · |)−n(Rd),
for the corresponding (LB)-space of continuous functions. Furthermore, we denote by
P the maximal Nachbin family associated to P. More explicitly, the space P consists
of all non-negative upper semicontinuous functions p on Rd such that
sup
ξ∈Rd
p(ξ)(1 + |ξ|)n <∞
for all n ∈ N. For a non-negative function f on Rd it holds that
(i) supξ∈Rd f(ξ)(1+ |ξ|)−n <∞ for some n ∈ N if and only if supξ∈Rd f(ξ)p(ξ) <∞
for all p ∈ P .
(ii) supξ∈Rd f(ξ)/p(ξ) <∞ for some p ∈ P if and only if supξ∈Rd f(ξ)(1+ |ξ|)n <∞
for all n ∈ N.
We shall use these properties without explicitly referring to them. Let W = (wN)N be
an increasing weight system. By [21, Prop. 1.5] and [7, Thm. 3.1(d)] we may identify
L1W(R
d
x)⊗̂εPC(Rdξ) with the space consisting of all f ∈ C(Rdξ , L1W(Rdx)) satisfying the
following property: For all N ∈ N there is n ∈ N such that
sup
ξ∈Rd
‖f( · , ξ)‖L1wN (1 + |ξ|)
−n <∞.
Hence, a function f ∈ C(Rdξ , L1W(Rdx)) belongs to L1W(Rdx)⊗̂εPC(Rdξ) if and only if
‖f‖L1wN ,p := sup
ξ∈Rd
‖f( · , ξ)‖L1wN p(ξ) <∞
for allN ∈ N and p ∈ P . Moreover, by [7, Thm. 3.1(c)], the topology of L1W(Rdx)⊗̂εPC(Rdξ)
is generated by the system of seminorms {‖ · ‖L1wN ,p : N ∈ N, p ∈ P}. We then have:
5Once again, the continuity of the mapping ϕ→ f ∗ ϕ follows from the closed graph theorem.
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Proposition 4.2. Let ψ ∈ D(Rd) and let W = (wN)N be an increasing weight system
satisfying (4.2). Then, the mappings
Vψ : O′C(D, L1W)→ L1W(Rdx)⊗̂εPC(Rdξ)
and
V ∗ψ : L
1
W(R
d
x)⊗̂εPC(Rdξ)→ O′C(D, L1W)
are well-defined and continuous.
Proof. Observe that Vψf( ·, ξ) ∈ L1W(Rd) for ξ ∈ Rd fixed, as follows from the rep-
resentation Vψf(x, ξ) = e
−2piixξ(f ∗ Mξψˇ)(x). We now prove that Rd → L1W(Rd) :
ξ → Vψf( · , ξ) is continuous. Since the mappings Rd → D(Rd) : ξ → Mξψˇ and
D(Rd)→ L1W(Rd) : ϕ→ f ∗ ϕ are continuous, the mapping
(4.3) Rd → L1W(Rd) : ξ → f ∗Mξψˇ
is also continuous. Let ξ0, ξ ∈ Rd and N ∈ N be arbitrary. We have that
‖Vψf(x, ξ)− Vψf(x, ξ0)‖L1wN ,x
= ‖e−2piixξ(f ∗Mξψˇ)(x)− e−2piixξ0(f ∗Mξ0 ψˇ)(x)‖L1wN ,x
≤ ‖f ∗Mξψˇ − f ∗Mξ0ψˇ‖L1wN + ‖(e
−2piixξ − e−2piixξ0)(f ∗Mξ0ψˇ)(x)‖L1wN ,x.
The first term tends to zero as ξ → ξ0 because the mapping (4.3) is continuous while
the second term tends to zero as ξ → ξ0 because of Lebesgue’s dominated convergence
theorem. Next, let N ∈ N and p ∈ P be arbitrary. The set B = {Mξψˇp(ξ) | ξ ∈ Rd} is
bounded in D(Rd). Hence,
‖Vψf‖L1wN ,p = sup
ξ∈Rd
‖f ∗Mξψˇ‖L1wN p(ξ) = supϕ∈B ‖f ∗ ϕ‖L1wN ,
which shows that Vψ is well-defined and continuous. Next, we treat V
∗
ψ . Let B ⊂ D(Rd)
bounded and N ∈ N be arbitrary. Choose N˜ ≥ N according to (4.2). Proposition
2.1 implies that there are K ⋐ Rd and p ∈ P such that supp Vψϕˇ ⊆ K × Rd and
|Vψϕˇ(x, ξ)| ≤ p(ξ) for all (x, ξ) ∈ K × Rd and ϕ ∈ B. Set p˜ = p( · )(1 + | · |)d+1 ∈ P .
Hence,
sup
ϕ∈B
‖V ∗ψF ∗ ϕ‖L1wN ≤ supϕ∈B
∫ ∫ ∫
R3d
|F (x, ξ)||Vψϕˇ(x− t, ξ)|wN(t)dxdξdt
≤ |K| sup
x∈K
∫ ∫
R2d
|F (x+ t, ξ)|p(ξ)wN(t)dξdt
≤ C‖F‖p˜,L1w
N˜
for all F ∈ L1W(Rd)⊗̂εPC(Rd), where
C = |K|‖hˇN,N˜‖K
∫
Rd
(1 + |ξ|)−(d+1)dξ <∞.
This shows that Vψ is well-defined and continuous. 
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Proposition 4.2 together with (2.4) implies the following corollary:
Corollary 4.3. LetW = (wN)N be an increasing weight system satisfying (4.2). Then,
O′C(D, L1W) is complete.
4.2. A predual. Given an increasing weight system W = (wN)N , we define its dual
decreasing weight system as W◦ := (1/wN)N . The aim of this subsection is to show
that the dual space (B˙W◦(Rd))′, endowed with a suitable S-topology, is topologically
equal to O′C(D, L1W). We start by introducing the following general notion:
Definition 4.4. Let E = lim−→N EN be an (LF )-space. We define
S = {B ⊂ E : B is contained and bounded in EN for some N ∈ N}
and write bs(E ′, E) for the S-topology on E ′ (the topology of uniform convergence on
the sets of S). Grothendieck’s factorization theorem implies that bs(E ′, E) does not
depend on the defining inductive spectrum of E.
Remark 4.5. Let E = lim−→N EN be an (LF )-space. The bipolar theorem implies that
bs(E ′, E) = b(E ′, E) if and only if E is quasiregular, i.e., if for every bounded set B in
E there is N ∈ N and a bounded set A in EN such that B ⊆ AE . We refer to [13] for
more information on quasiregular (LF )-spaces.
We then have:
Theorem 4.6. LetW = (wN)N be an increasing weight system satisfying (4.2). Then,
(B˙W◦(Rd))′bs = O′C(D, L1W).
We need some preparation. The proof of the next proposition is standard and
therefore omitted.
Proposition 4.7. Let w be a positive continuous function and let f ∈ (B˙1/w(Rd))′.
Then, there are n ∈ N and regular complex Borel measures µα ∈ (C0(Rd))′, |α| ≤ n,
such that
(4.4) 〈f, ϕ〉 =
∑
|α|≤n
(−1)|α|
∫
Rd
∂αϕ(t)
w(t)
dµα(t), ϕ ∈ B˙1/w(Rd).
Corollary 4.8. Let w and v be positive continuous functions on Rd satisfying (3.3)
and let f ∈ (B˙1/w(Rd))′. Then,
(i) f ∗ ϕ ∈ L1v(Rd) for all ϕ ∈ D(Rd).
(ii) For all ϕ ∈ D(Rd) and h ∈ C(1/v)0(Rd) it holds that ϕˇ ∗ h ∈ B˙1/w(Rd) and∫
Rd
(f ∗ ϕ)(x)h(x)dx = 〈f, ϕˇ ∗ h〉.
Proof. Assume that f is represented via (4.4). In particular,
f ∗ ϕ =
∑
|α|≤n
∫
Rd
∂αϕ( · − t)
w(t)
dµα(t), ϕ ∈ D(Rd).
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(i) Let ϕ ∈ D(Rd) be arbitrary and set K = suppϕ. We have that
‖f ∗ ϕ‖L1v ≤
∑
|α|≤n
∫
Rd
∫
Rd
|∂αϕ(x− t)|
w(t)
d|µα|(t)v(x)dx,
where |µα| denotes the total variation measure associated with µα. For each |α| ≤ n it
holds that∫
Rd
∫
Rd
|∂αϕ(x− t)|v(x)dx 1
w(t)
d|µα|(t) =
∫
Rd
∫
Rd
|∂αϕ(x)|v(x+ t)dx 1
w(t)
d|µα|(t)
≤ |K|‖ϕ‖K,n‖g‖K|µα|(Rd) <∞.
Hence, Fubini’s theorem implies that ‖f ∗ ϕ‖L1v <∞.
(ii) Let ϕ ∈ D(Rd) and h ∈ C(1/v)0(Rd) be arbitrary. Set K = suppϕ. For each
α ∈ Nd we have that
(4.5)
|∂α(ϕˇ ∗ h)(x)|
w(x)
≤ ‖∂αϕ‖K‖g‖K sup
t∈K
h(t + x)
v(t+ x)
,
which tends to zero as |x| → ∞, that is, ϕˇ ∗ h ∈ B˙1/w(Rd). Finally,∫
Rd
f ∗ ϕ(x)h(x)dx =
∑
|α|≤n
∫
Rd
∫
Rd
∂αϕ(x− t)
w(t)
dµα(t)h(x)dx
=
∑
|α|≤n
∫
Rd
∫
Rd
∂αϕ(x− t)h(x)dx 1
w(t)
dµα(t)
=
∑
|α|≤n
(−1)|α|
∫
Rd
∂α(ϕˇ ∗ h)(t)
w(t)
dµα(t)
= 〈f, ϕˇ ∗ h〉 
Proof of Theorem 4.6. From Corollary 4.8(i) we obtain that (B˙W◦(Rd))′ ⊆ O′C(D, L1W).
We now show that this inclusion holds continuously if we endow the former space with
its bs-topology. For this, we need the following result from measure theory (cf. [33,
Thm. 6.9 and Thm. 6.13]): Let w be a positive continuous function on Rd and let
f ∈ L1w(Rd). Denote by B the unit ball in C0(Rd). Then,
‖f‖L1w = sup
h∈B
∣∣∣∣
∫
Rd
f(x)h(x)w(x)dx
∣∣∣∣ .
Now let B′ ⊂ D(Rd) bounded and N ∈ N be arbitrary. By the above remark we
have that
sup
ϕ∈B′
‖f ∗ ϕ‖L1wN = supϕ∈B′ suph∈B
∣∣∣∣
∫
Rd
f ∗ ϕ(x)h(x)wN(x)dx
∣∣∣∣ = sup
ϕ∈B′
sup
h∈B
|〈f, ϕˇ ∗ (hwN)〉| ,
for all f ∈ (B˙W◦(Rd))′, where the last equality follows from Corollary 4.8(ii). Choose
N˜ ≥N according to (4.2). It is now enough to notice that the set
{ϕˇ ∗ (hwN) : ϕ ∈ B′, h ∈ B}
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is bounded in B˙1/w
N˜
(Rd), as follows from (4.5) with v = wN and w = wN˜ . Next, we
show that O′C(D, L1W) is continuously included in (B˙W◦(Rd))′bs. Let γ ∈ D(Rd). By
(2.4) and Proposition 4.2 it suffices to show that the mapping
V ∗γ : L
1
W(R
d
x)⊗̂εPC(Rdξ)→ (B˙W◦(Rd))′bs
is well-defined and continuous. Let F ∈ L1W(Rdx)⊗̂εPC(Rdξ) be arbitrary. The linear
functional
f : B˙W◦(Rd)→ C : ϕ→
∫ ∫
R2d
F (x, ξ)Vγϕ(x,−ξ)dxdξ
is well-defined and continuous by Lemma 3.8. Since V ∗γ F = f|D(Rd), we obtain that
V ∗γ F ∈ (B˙W◦(Rd))′ and
(4.6) 〈V ∗γ F, ϕ〉 =
∫ ∫
R2d
F (x, ξ)Vγϕ(x,−ξ)dxdξ, ϕ ∈ B˙W◦(Rd),
whence V ∗γ is well-defined. Finally, we show that it is continuous. Let N ∈ N and
B ⊂ B˙1/wN (Rd) bounded be arbitrary. Choose N˜ ≥ N according to (4.2). Lemma 3.8
implies that
sup
ϕ∈B
sup
(x,ξ)∈R2d
|Vγϕ(x,−ξ)|(1 + |ξ|)n
wN˜(x)
<∞
for all n ∈ N, which in turn implies that there is p ∈ P such that |Vγϕ(x,−ξ)| ≤
wN˜(x)p(ξ) for all (x, ξ) ∈ R2d and ϕ ∈ B. Set p˜ = p( · )(1 + | · |)d+1 ∈ P . Hence,
sup
ϕ∈B
|〈V ∗γ F, ϕ〉| = | ≤ sup
ϕ∈B
∫ ∫
R2d
|F (x, ξ)||Vγϕ(x,−ξ)|dxdξ
≤
∫ ∫
R2d
|F (x, ξ)|wN˜(x)p(ξ)dxdξ ≤ ‖F‖p˜,L1w
N˜
∫
Rd
(1 + |ξ|)−(d+1)dξ
for all F ∈ L1W(Rdx)⊗̂εPC(Rdξ). 
From now on, we shall interchangeably use O′C(D, L1W) and (B˙W◦(Rd))′bs depending
on which point of view is most suitable for the given situation. We shall not explicitly
refer to Theorem 4.6 when we do this. For later use, we point out the following corollary.
Corollary 4.9. Let ψ ∈ D(Rd)\{0} and γ ∈ D(Rd) be a synthesis window for ψ. Let
W = (wN)N be an increasing weight system satisfying (4.2). Then, the desingulariza-
tion formula
〈f, ϕ〉 = 1
(γ, ψ)L2
∫ ∫
R2d
Vψf(x, ξ)Vγϕ(x,−ξ)dxdξ
holds for all f ∈ (B˙W◦(Rd))′ and ϕ ∈ B˙W◦.
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4.3. Topological properties. We now take a closer look of the locally convex struc-
ture of O′C(D, L1W). Most importantly, we are going to show that O′C(D, L1W) is ultra-
bornological if and only ifW◦ satisfies (Ω). Our main tools will be Theorem 3.4 and an
explicit description of the strong dual of O′C(D, L1W). The following technical lemma
is needed below.
Lemma 4.10. Let W = (wN)N be an increasing weight system satisfying (4.2). Then,
we have the dense continuous inlcusion D(Rd) →֒ O′C(D, L1W).
Proof. Notice that D(Rd) ⊂ DL1
W
(Rd) ⊂ O′C(D, L1W) with continuous inclusion map-
pings. We shall prove that both inclusions have dense range. We start by showing
that DL1
W
(Rd) is dense in O′C(D, L1W). Let f ∈ O′C(D, L1W) be arbitrary. Choose
χ ∈ D(Rd) with ∫
Rd
χ(x)dx = 1 and suppχ ⊆ B(0, 1). Set χk = kdχ(k · ) and
fk = f ∗ χk ∈ DL1
W
(Rd) for k ∈ Z+ (cf. Lemma 4.1). We claim that fk → f in
O′C(D, L1W). Let B ⊂ D(Rd) bounded and N ∈ N be arbitrary. Choose N˜ ≥ N
according to (4.2). Hence,
sup
ϕ∈B
‖fk ∗ ϕ− f ∗ ϕ‖L1wN
≤ sup
ϕ∈B
‖f ∗ ϕ ∗ χk − f ∗ ϕ‖L1wN
≤ sup
ϕ∈B
∫
Rd
∫
Rd
|χ(t)||f ∗ ϕ(x− t/k)− f ∗ ϕ(x)|dtwN(x)dx
≤ 1
k
sup
ϕ∈B
∫
Rd
∫
Rd
|χ(t)||t|
∑
|β|=1
∫ 1
0
|∂β(f ∗ ϕ)(x− γt/k)|dγdtwN(x)dx
≤ 1
k
∑
|β|=1
sup
ϕ∈B
∫ 1
0
∫
B(0,1)
|χ(t)||t|hN,N˜(γt/k)×
∫
Rd
|(f ∗ ∂β)ϕ(x− γt/k)|wN˜(x− γt/k)dxdtdγ
≤ C
k
,
where
C = ‖χ(t)t‖L1,t‖hN,N˜‖B(0,1)
∑
|β|=1
sup
ϕ∈B
‖f ∗ ∂βϕ‖L1w
N˜
<∞.
Next, we show that D(Rd) is dense in DL1
W
(Rd). Let ϕ ∈ DL1
W
(Rd) be arbitrary. Choose
θ ∈ D(Rd) with 0 ≤ θ ≤ 1 and θ(0) = 1. Set θk = θ( · /k) and ϕk = θkϕ ∈ D(Rd) for
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k ∈ Z+. We claim that ϕk → ϕ in DL1
W
(Rd). Let N, n ∈ N be arbitrary. Hence
max
|α|≤n
‖∂α(ϕ(1− θk))‖L1wN ≤ max|α|≤n ‖(∂
αϕ)(1− θk)‖L1wN
+
1
k
max
|α|≤n
∑
β≤α,β 6=0
(
α
β
)
‖∂α−βϕ(∂βθ)( · /k)‖L1wN
≤ max
|α|≤n
‖(∂αϕ)(1− θk)‖L1wN +
C
k
,
where
C = 2n‖ϕ‖L1wN ,n‖θ‖supp θ,n <∞.
We still need to show that ‖∂αϕ(1 − θk))‖L1wN → 0 for all |α| ≤ n. Let ε > 0 be
arbitrary. Choose K ⋐ Rd so large that∫
Rd\K
|∂αϕ(x)|wN(x)dx ≤ ε.
Then,
‖(∂αϕ)(1− θk)‖L1wN
=
∫
K
|∂αϕ(x)|(1− θk(x))wN(x)dx+
∫
Rd\K
|∂αϕ(x)|(1− θk(x))wN(x)dx
≤ C ′ sup
x∈K
|1− θk(x)|+ ε,
where
C ′ = |K|‖∂αϕ‖K‖wN‖K <∞.
The result now follows from the fact that, since θ(0) = 1, θk → 1 uniformly on K. 
Proposition 4.11. Let W = (wN)N be an increasing weight system satisfying (4.2).
(i) The canonical inclusion
(4.7) B˙W◦(Rd)→ ((B˙W◦(Rd))′bs)′b : ϕ→ (f → 〈f, ϕ〉)
is a topological embedding.
(ii) Let ψ ∈ D(Rd)\{0} and γ ∈ D(Rd) be a synthesis window for ψ. Then, the
mapping BW◦(Rd)→ ((B˙W◦(Rd))′bs)′b given by
(4.8) ϕ→
(
f → 1
(γ, ψ)L2
∫ ∫
R2d
Vψf(x, ξ)Vγϕ(x,−ξ)dxdξ
)
is a continuous bijection whose restriction to B˙W◦(Rd) coincides with the canon-
ical inclusion (4.7).
Proof. (i) The bs-topology is coarser than the strong topology and finer than the weak-
∗ topology on (B˙W◦(Rd))′. Since B˙W◦(Rd) is barrelled (as it an (LF )-space), a subset
of (B˙W◦(Rd))′ is equicontinuous if and only if it is bounded in the bs-topology, which
in turn yields that (4.7) is a strict morphism.
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(ii) We start by showing that, for ϕ ∈ BW◦(Rd) fixed, the mapping
f → 1
(γ, ψ)L2
∫ ∫
R2d
Vψf(x, ξ)Vγϕ(x,−ξ)dxdξ
defines a continuous linear functional on O′C(D, L1W). Proposition 3.10 implies that
there are N ∈ N and p ∈ P such that|Vγϕ(x,−ξ)| ≤ wN(x)p(ξ) for all (x, ξ) ∈ R2d.
Set p˜ = p( · )(1 + | · |)d+1 ∈ P . Then,∣∣∣∣ 1(γ, ψ)L2
∫ ∫
R2d
Vψf(x, ξ)Vγϕ(x,−ξ)dxdξ
∣∣∣∣
≤ 1|(γ, ψ)L2|
∫ ∫
R2d
|Vψf(x, ξ)|wN(x)p(ξ)dxdξ
≤
‖Vψf‖L1
wN,p˜
|(γ, ψ)L2|
∫
Rd
(1 + |ξ|)−(d+1)dx
for all f ∈ O′C(D, L1W). The claim now follows from Proposition 4.2. Next, we prove
that (4.8) is continuous. It suffices to show that its restriction to B1/wN (Rd) is contin-
uous for each N ∈ N. Choose N˜ ≥ N according to (4.2). By Proposition 4.2 there are
n ∈ N and C > 0 such that
‖Vψf( · , ξ)‖L1w
N˜
≤ C(1 + |ξ|)n, ξ ∈ Rd,
for all f ∈ B. Lemma 3.8 implies that there is C ′ > 0 such that
|Vγϕ(x,−ξ)| ≤
C ′‖ϕ‖Bn+d+1
1/wN
wN˜(x)
(1 + |ξ|)n+d+1 , (x, ξ) ∈ R
2d,
for all ϕ ∈ B1/wN (Rd). Hence,
sup
f∈B
∣∣∣∣ 1(γ, ψ)L2
∫ ∫
R2d
Vψf(x, ξ)Vγϕ(x,−ξ)dxdξ
∣∣∣∣ ≤ C ′′‖ϕ‖Bn+d+1
1/wN
,
for all ϕ ∈ B1/wN (Rd), where
C ′′ =
CC ′
|(γ, ψ)L2|
∫
Rd
(1 + |ξ|)−(d+1) <∞.
Finally, we prove that (4.8) is surjective. Let Φ ∈ (O′C(D, L1W))′ be arbitrary. Denote
by ι : D(Rd) → O′C(D, L1W) the canonical inclusion and set f = Φ ◦ ι ∈ D′(Rd). By
(2.5) it holds that
Φ(ι(χ)) = 〈f, χ〉 = 1
(γ, ψ)L2
∫ ∫
R2d
Vψχ(x, ξ)Vγf(x,−ξ)dxdξ
for all χ ∈ D(Rd). By Lemma 4.10 it therefore suffices to show that f ∈ BW◦(Rd)
or, equivalently, that Vθf ∈ W◦polC(R2dx,ξ), where θ ∈ D(Rd) is a fixed non-zero window
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function (Proposition 3.10). Since Φ is continuous, there is N ∈ N and a bounded set
B ⊂ B˙1/wN (Rd) such that
|Vθf(x, ξ)| = |Φ(ι(MξTxθ))| ≤ sup
ϕ∈B
∣∣∣∣
∫
Rd
ϕ(t)MξTxθ(t)dt
∣∣∣∣ = sup
ϕ∈B
|Vθϕ(x, ξ)|.
The required bounds for |Vθf | therefore directly follow from Lemma 3.8. The last
statement is a reformulation of Corollary 4.9. 
Since D(Rd) is bornological, the last part of the proof of Proposition 4.11(ii) implies
the following corollary.
Corollary 4.12. Let W = (wN)N be an increasing weight system satisfying (4.2).
Then, every bounded linear functional on O′C(D, L1W) is continuous.
Next, we point out two situations in which the mapping (4.8) is a topological iso-
morphism.
Corollary 4.13. Let W = (wN)N be an increasing weight system satisfying (4.2) such
that W◦ satisfies (V ) (cf. Remark 3.2). Then, the mapping
BW◦(Rd)→ ((BW◦(Rd))′bs)′b : ϕ→ (f → 〈f, ϕ〉)
is a topological isomorphism.
Corollary 4.14. Let W = (wN)N be an increasing weight system satisfying (4.2) such
that W◦ satisfies (Ω). Then, the mapping (4.8) is a topological isomorphism.
Proof. We still need to show that the mapping (4.8) is open. Let θ ∈ D(Rd) be some
non-zero window function. By Corollaries 3.13 and 2.6 it suffices to show that for every
u ∈ U(W◦pol) there is a set B ⊂ E ′(Rd) which is bounded in (B˙W◦(Rd))′bs such that
‖Vθϕ‖u ≤ sup
f∈B
|〈f, ϕ〉|
for all ϕ ∈ BW◦(Rd). Define
B = {(MξTxθ)u(x, ξ) : (x, ξ) ∈ R2d} ⊂ E ′(Rd).
and observe that B satisfies all requirements because
‖Vθϕ‖u = sup
(x,ξ)∈R2d
|Vθ(x, ξ)|u(x, ξ) = sup
(x,ξ)∈R2d
|〈MξTxθ, ϕ〉|u(x, ξ) = sup
f∈B
|〈f, ϕ〉|
for all ϕ ∈ BW◦(Rd). 
We believe that the mapping (4.8) might always be a topological isomorphism but
we are not able to prove this in general.
We are now ready to prove the main theorem of this section. A l.c.s. is said to
be infrabarrelled if every strongly bounded set in its dual is equicontinuous. Recall
then that a l.c.s. E is bornological (ultrabornological, respectively) if and only if it is
infrabarrelled and every linear functional on E that is bounded on the bounded subsets
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of E (on the Banach disks of E, respectively), is necessarily continuous6. In particular,
every complete bornological l.c.s. is ultrabornological.
Theorem 4.15. Let W = (wN)N be an increasing weight system satisfying (4.2).
Then, the following statements are equivalent:
(i) W◦ satisfies (Ω).
(ii) O′C(D, L1W) is ultrabornological.
(iii) (B˙W◦(Rd))′b = O′C(D, L1W).
Proof. (i) ⇒ (ii) Since O′C(D, L1W) is complete (Corollary 4.3), we only need to prove
that it is bornological. We already pointed out that every bounded linear functional on
O′C(D, L1W) is continuous (Corollary 4.12). We now show that O′C(D, L1W) is infrabar-
relled. Choose ψ, γ ∈ D(Rd) with (γ, ψ)L2 = 1. By Corollary 4.14 and Proposition 4.2
it suffices to show that for every bounded set B ⊂ BW(Rd) there are p˜ ∈ P , N˜ ∈ N,
and C > 0 such that
sup
ϕ∈B
∣∣∣∣
∫ ∫
Rd
Vψf(x, ξ)Vγϕ(x,−ξ)dxdξ
∣∣∣∣ ≤ C‖Vψf‖p˜,L1w
N˜
for all f ∈ O′C(D, L1W). Since BW◦(Rd) is regular (Theorem 3.4), there is N ∈ N such
that B is contained and bounded in B1/wN (Rd). Choose N˜ ≥ N according to (4.2).
Lemma 3.8 implies that
sup
ϕ∈B
sup
(x,ξ)∈R2d
|Vγϕ(x,−ξ)(1 + |ξ|)n
wN˜(x)
<∞
for all n ∈ N. Hence, there is p ∈ P such that |Vγϕ(x,−ξ)| ≤ wN˜(x)p(ξ) for all
(x, ξ) ∈ R2d and ϕ ∈ B. Set p˜ = p( · )(1 + | · |)d+1 ∈ P . We obtain that
sup
ϕ∈B
∣∣∣∣
∫ ∫
Rd
Vψf(x, ξ)Vγ(x,−ξ)dxdξ
∣∣∣∣ ≤ ‖Vψf‖p˜,L1w
N˜
∫
Rd
(1 + |ξ|)−(d+1)dξ
for all f ∈ O′C(D, L1W).
(ii)⇒ (iii) It suffices to show that the bs-topology is finer than the strong topology
on (B˙W◦(Rd))′. Let U ⊂ (B˙W◦(Rd))′b be an arbitrary neighbourhood of 0. We may
assume that U = B◦, where B◦ is the polar set of some bounded set B in B˙W◦(Rd).
Since (4.7) is a topological embedding and (B˙W◦(Rd))′bs is ultrabornological, there is
N ∈ N and a bounded set B′ ⊂ B˙1/wN (Rd) such that (B′)◦ ⊆ U .
(iii)⇒ (i) By Theorem 3.4 it suffices to show that B˙W◦(Rd) is β-regular. Let N ∈ N
be arbitrary and let B be a subset of B˙1/wN (Rd) that is bounded in B˙W◦(Rd). Our
assumption implies that there is M ∈ N and a bounded set B′ ⊂ B˙1/wM (Rd) such
that (B′)◦ ⊆ B◦, where the polarity is taken twice with respect to the dual system
(B˙W◦(Rd), (B˙W◦(Rd))′). We may assume thatM ≥ N . We now show that B is bounded
6In fact, for E to be bornological it suffices that it is Mackey (every convex weak-∗ compact set in
its dual is equicontinuous) and every linear functional on E that is bounded on the bounded subsets
of E (on the Banach disks of E, respectively), is necessarily continuous.
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in B˙1/wM (Rd). Let n ∈ N be arbitrary and choose C > 0 such that ‖ϕ‖wM ,n ≤ C for
all ϕ ∈ B′. Hence,
fα,x :=
(−1)|α|∂α(Txδ)
CwM(x)
∈ (B′)◦ ⊆ B◦
for all x ∈ Rd and |α| ≤ n. We obtain that
sup
ϕ∈B
‖ϕ‖Bn
1/wM
= C sup
ϕ∈B
max
|α|≤n
sup
x∈Rd
|〈fα,x, ϕ〉| ≤ C. 
Remark 4.16. The implication (ii)⇒ (iii) in Theorem 4.15 also follows from DeWilde’s
open mapping theorem and the fact that the strong dual of an (LF )-space is strictly
webbed [12, Prop. IV.3.3].
5. Weighted D′L1 spaces
Let w be a positive measurable function and set D′L1w(Rd) = (B˙1/w(Rd))′b. In this
short section we apply Theorem 4.15 to study the structural and topological properties
of D′L1w(Rd).
Theorem 5.1. Let w be a positive measurable function and assume that
(5.1) g := ess sup
x∈Rd
w(x+ · )
w(x)
∈ L∞loc(Rd).
Then, the following properties hold:
(i) D′L1w(Rd) = O′C(D, L1w) topologically.
(ii) The strong dual of D′L1w(Rd) is topologically isomorphic to B1/w(Rd). More pre-
cisely, let ψ ∈ D(Rd)\{0} and γ ∈ D(Rd) be a synthesis window for ψ. Then,
the mapping B1/w(Rd)→ (D′L1w(Rd))′b given by
ϕ→
(
f → 1
(γ, ψ)L2
∫ ∫
R2d
Vψf(x, ξ)Vγϕ(x,−ξ)dxdξ
)
is a topological isomorphism.
(iii) D′L1w(Rd) is ultrabornological.
Proof. We may assume that w is continuous. For otherwise consider the continuous
weight w˜ = w ∗ ϕ, where ϕ ∈ D(Rd) is non-negative and satisfies ∫
Rd
ϕ(t)dt = 1. Set
K = suppϕ. Then,
‖g‖−1K w(x) ≤ w˜(x) ≤ ‖gˇ‖Kw(x), x ∈ Rd.
Hence, B1/w(Rd) = B1/w˜(Rd), B˙1/w(Rd) = B˙1/w˜(Rd), and L1w(Rd) = L1w˜(Rd). Moreover,
w˜(x+t) =
∫
Rd
w(x+t−y)ϕ(y)dy ≤ g(t)
∫
Rd
w(x−y)ϕ(y)dy = g(t)w˜(x), x, t ∈ Rd,
whence
sup
x∈Rd
w˜(x+ · )
w˜(x)
∈ L∞loc(Rd).
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From now on we assume that w is continuous. SetW = (w)N , a constant weight system,
and notice thatW◦ satisfies (Ω). Properties (i)–(iii) therefore follow immediately from
Corollary 4.14 and Theorem 4.15. 
Remark 5.2. When w = 1, Theorem 5.1 is essentially due to Schwartz [36, pp. 201-203]
except for the topological identity D′L1(Rd) = O′C(D, L1), which appears to be new in
the literature even in this case; Schwartz only showed that these spaces coincide as
sets and have the same bounded sets and null sequences [36, p. 202]. Structural and
topological properties of weighted D′L1 spaces have recently been studied in the broader
context of distribution spaces associated to general translation-invariant Banach spaces
[14]. In particular, the analogues of Schwartz’ results were proved there, but, again,
Theorem 5.1(i) seems to be new in this setting.
Remark 5.3. Observe that the function g from (5.1) is submultiplicative. Since every
locally bounded submultiplicative function is exponentially bounded, the weight w
satisfies (5.1) if and only if
w(x+ y) ≤ Cw(x)eλ|y|, x, y ∈ Rd,
for some C, λ > 0. Moreover, in dimension one, (5.1) says that w◦ log is an O-regularly
varying function [8, Chap. 2].
It is worth pointing out that the condition (5.1) holds if and only if L1ω is translation-
invariant and in this case the function g turns out to be the weight function of its
translation group (in the sense of [14, Def. 1, p. 500]). In fact, the sufficiency of (5.1)
is easily established. Conversely, suppose that L1ω is translation invariant and consider
the functions
g(y) = ess sup
x∈Rd
w(x+ y)
w(x)
and η(y) = ‖Ty‖Lb(E).
The function g may of course take the value∞, while η ∈ L∞loc(Rd) because its logarithm
is measurable, subadditive, and everywhere finite (cf. [19, Thm. 7.13.1, p. 253]).
Clearly η ≤ g. Fix y ∈ Rd and let α < g(y). We select a compact set K ⊂ {x ∈ Rd :
α < ω(x+ y)/ω(x)} with positive Lebesgue measure; writing χK for its characteristic
function, we obtain
α
∫
K
ω(x)dx ≤ ‖TyχK‖L1ω ≤ η(y)
∫
K
ω(x)dx,
namely, α ≤ η(y). Since α and y were arbitrary, we conclude g = η, whence the claim
follows.
6. Convolutor spaces of Gelfand-Shilov spaces
As a second application of our general theory developed in Section 4, we now discuss
convolutor spaces for general Gelfand-Shilov spaces, as introduced in [16, Chap. II].
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Let W = (wN)N be an increasing weight system. We define7 the ensuing Fre´chet
spaces
BW(Rd) := lim←−
N∈N
BwN (Rd), B˙W(Rd) := lim←−
N∈N
B˙wN (Rd).
Remark 6.1. If W = (wN)N satisfies condition (P ) (cf. [16, p. 87]), i.e.,
∀N ∈ N ∃M > N : lim
|x|→∞
wN(x)/wM(x) = 0,
then BW(Rd) = B˙W(Rd) and this space is an (FS)-space.
Set Wˇ := (wˇN)N . For every f ∈ (B˙Wˇ(Rd))′ the mapping
(6.1) B˙W(Rd)→ E(Rd) : ϕ→ f ∗ ϕ
is well-defined and continuous (cf. Proposition 4.7). We define
O′C(B˙W) := {f ∈ (B˙Wˇ(Rd))′ : f ∗ ϕ ∈ B˙W(Rd) for all ϕ ∈ B˙W(Rd)}.
The closed graph theorem and the continuity of the mapping (6.1) imply that, for
f ∈ O′C(B˙W) fixed, the mapping B˙W(Rd) → B˙W(Rd) : ϕ → f ∗ ϕ is continuous. We
endow O′C(B˙W) with the initial topology with respect to the mapping
O′C(B˙W)→ Lb(B˙W(Rd), B˙W(Rd)) : f → (ϕ→ f ∗ ϕ).
The goal of this section is to study the structural and topological properties ofO′C(B˙W).
We shall need to impose the following natural conditions on W:
(6.2) ∀N ∈ N ∃M > N : wN/wM ∈ L1(Rd)
and
(6.3) ∀N ∈ N ∃M,K ≥ N ∃C > 0 ∀x, y ∈ Rd : wN(x+ y) ≤ CwM(x)wK(y).
Clearly, (6.3) implies (4.2). Moreover, it is worth mentioning that Gelfand and Shilov
used condition (6.2) for deriving structural theorems for (BW(Rd))′ [16, Thm., p. 113].
The following observation is fundamental.
Proposition 6.2. Let W = (wN)N be an increasing weight system satisfying (6.2) and
(6.3). Then, O′C(B˙W) = O′C(D, L1W) topologically.
We need some results in preparation for the proof of Proposition 6.2. Define the
following Fre´chet space of continuous functions
Wpol,0C(R2d) := lim←−
N∈N
C(wN ⊗ (1 + | · |)N)0(R2d).
Lemmas 3.8 and 3.9 together with (2.5) immediately imply the next result.
7Gelfand and Shilov only considered the space BW(Rd) for which they used notation K{Mp}, where
Mp = wp, p ∈ N.
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Proposition 6.3. Let ψ ∈ D(Rd) and let W = (wN)N be an increasing weight system
satisfying (4.2). Then, the mappings
Vψ : B˙W(Rd)→Wpol,0C(R2dx,ξ)
and
V ∗ψ :Wpol,0C(R2dx,ξ)→ B˙W(Rd)
are well-defined and continuous. Moreover, if ψ 6= 0 and γ ∈ D(Rd) is a synthesis
window for ψ, then
1
(γ, ψ)L2
V ∗γ ◦ Vψ = idB˙W(Rd) .
We obtain the following interesting corollary; it is the weighted analogue of a classical
result of Schwartz [36, p. 200].
Corollary 6.4. Let W = (wN)N be a increasing weight system satisfying (4.2). Then,
DL1
W
(Rd) ⊆ B˙W(Rd) with continuous inclusion. If, in addition, W satisfies (6.2), then
DL1
W
(Rd) = B˙W(Rd) = BW(Rd).
Proof. We start by showing that DL1
W
(Rd) is continuously included in B˙W(Rd). By
Proposition 6.3 it suffices to show that
Vψ : DL1
W
(Rd)→Wpol,0C(R2dx,ξ)
is well-defined and continuous. This can be done by modifying the proof of Lemma
3.8. Next, observe that condition (6.2) implies that BW(Rd) is continuously included
in DL1
W
(Rd), whence the second part follows from the first one. 
Proof of Proposition 6.2. The continuous inclusion O′C(B˙W) ⊆ O′C(D, L1W) is clear
from (6.2). For the converse inclusion, we introduce the ensuing space
O′C(B˙W , L1W) := {f ∈ (B˙Wˇ(Rd))′ | f ∗ ϕ ∈ L1W(Rd) for all ϕ ∈ B˙W(Rd)}.
Similarly as in Corollary 4.8 and the first part of the proof of Theorem 4.6, but by
using (6.3) instead of (4.2), one can show that (B˙W◦(Rd))′bs is continuously included in
O′C(B˙W , L1W). Next, we notice that an element f ∈ (B˙Wˇ(Rd))′ belongs to O′C(B˙W , L1W)
if and only if f ∗ϕ ∈ DL1
W
(Rd) for all ϕ ∈ B˙W˜(Rd) and that the topology of O′C(B˙W , L1W)
coincides with the initial topology with respect to the mapping
O′C(B˙W , L1W)→ Lb(B˙W(Rd),DL1
W
(Rd)) : f → (ϕ→ f ∗ ϕ).
Hence, the result follows from Corollary 6.4. 
Proposition 6.2 and Theorem 4.15 imply the following important result.
Theorem 6.5. Let W = (wN)N be an increasing weight system satisfying (6.2) and
(6.3). Then, the following statements are equivalent:
(i) W◦ satisfies (Ω).
(ii) O′C(B˙W) is ultrabornological.
(iii) (B˙W◦(Rd))′b = O′C(B˙W).
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Finally, we apply Theorem 6.5 to study the convolutor spaces of several Gelfand-
Shilov spaces that are frequently used in the literature. For this, we evaluate conditions
(6.2), (6.3), and (Ω) for two classes of increasing weight systems. Namely, let w be
a positive continuous increasing function on [0,∞) and extend w to Rd by setting
w(x) = w(|x|) for x ∈ Rd. We define the following increasing weight systems: Ww :=
(eNw)N and W˜w := (ew(N · ))N . The function w is said to satisfy (α) (cf. [10]) if there
are C ′0, H
′ ≥ 1 such that
w(2t) ≤ H ′w(t) + logC ′0, t ≥ 0.
The proof of the next result is simple and therefore omitted.
Proposition 6.6. Let w be a positive continuous increasing function on [0,∞) with
log(1 + t) = O(w(t)) satisfying (α). Then, Ww satisfies (6.2) and (6.3) while W◦w
satisfies (Ω). Consequently, O′C(B˙Ww) is ultrabornological.
Example 6.7. For w(t) = log(1 + t) we have that B˙Ww(Rd) = BWw(Rd) = S(Rd).
Proposition 6.6 implies that the space of convolutorsO′C(S) = O′C(Rd) is ultrabornolog-
ical. This fact was first shown by Grothendieck [18, Chap. II, Thm. 16, p. 131]. He
showed that O′C(Rd) is isomorphic to a complemented subspace of s⊗̂s′ and proved
that the latter space is ultrabornological.
Example 6.8. For w(t) = t we have that B˙Ww(Rd) = BWw(Rd) = K1(Rd), the space
of exponentially rapidly decreasing smooth functions [27]. Proposition 6.6 yields that
the space of convolutors O′C(K1) is ultrabornological. This fact was first claimed by
Zielezny in [41] but his argument seems to contain major gaps (in particular, the proof
of [41, Thm. 9] does not seem to be correct).
Example 6.9. More generally, let w(t) = tp, p > 0, and set B˙Ww(Rd) = BWw(Rd) =
Kp(Rd). For p > 1 the convolutor spaces O′C(Kp) were studied in [34], where the hy-
poelliptic convolution operators in (Kp(Rd))′ are characterized in terms of their Fourier
transform. However, the topological properties of O′C(Kp) do not seem to have been
studied yet. Proposition 6.6 implies that the space of convolutors O′C(Kp) is ultra-
bornological for each p > 0.
Next, we treat increasing weight systems of type W˜w.
Proposition 6.10. Let w be a positive continuous increasing function on [0,∞) with
log(1 + t) = O(w(t)) such that
(6.4) 2w(t) ≤ w(Ht) + logC0, t ≥ 0,
for some H,C0 ≥ 1. Then, W˜w satisfies (6.2) and (6.3) while W˜◦w satisfies (Ω) if and
only if w satisfies (α). Consequently, O′C(B˙W˜w) is ultrabornological if and only if w
satisfies (α).
Proof. By iterating (6.4) we obtain that for every λ > 0 there are L,B ≥ 1 such that
λw(t) ≤ w(Lt)+B for all t ≥ 0. Condition (6.2) therefore follows from the assumption
log(1 + t) = O(w(t)). Next, (6.3) is a consequence of the fact that w is increasing. We
now show that W˜◦w satisfies (Ω) if and only if w satisfies (α). For this, observe that W˜◦w
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satisfies (Ω) if and only if there is M ≥ 1 such that for all K ≥ M there are C, S ≥ 1
such that
(6.5) w(Kt)− w(t) ≤ C(w(Mt)− w(t)) + S, t ≥ 0.
This shows that w satisfies (α) if W˜◦w satisfies (Ω). Conversely, suppose that w satisfies
(α). We shall show (6.5) for M = H , where H is chosen according to (6.4). Let
K ≥ H be arbitrary. By iterating (α) we obtain that there are L,B ≥ 1 such that
w(Kt) ≤ Lw(t) +B for all t ≥ 0. Hence,
w(Kt)− w(t) ≤ (L− 1)w(t) +B ≤ (L− 1)(w(Ht)− w(t)) + (L− 1) logC0 +B. 
Remark 6.11. Since condition (α) implies that w is polynomially bounded, Proposi-
tion 6.10 in particular yields that O′C(B˙W˜w) is not ultrabornological for any function
w satisfying (6.4) that is not polynomially bounded. Concrete examples are given
by: w(t) = et
σ log(1+t)τ with σ > 0 and τ ≥ 0 or σ = 0 and τ > 1. On the other
hand, there are also polynomially bounded functions w for which O′C(B˙W˜w) fails to be
ultrabornological, as shown by the following example.
Example 6.12. For any σ > 0 there is a function w with log(1 + t) = O(w(t)) and
w(t) = O(tσ) such that w satisfies (6.4) but violates (α). We shall use some results
about weight sequences and their associated function; we refer to [20, 9] for more
information on this topic. In [24, Example 3.3] Langenbruch constructed a weight
sequence (Mp)p∈N satisfying (M.1), (M.2), and (M.3)
′ but not
sup
p∈N
mp
mQp
<∞, for some Q ∈ Z+,
where mp =Mp+1/Mp, p ∈ N. Hence, the associated function M of (Mp)p∈N is a weight
function such that log(1 + t) = o(M(t)) [20, p. 49], M(t) = o(t) [20, Lemma 4.1], and
M satisfies (6.4) [20, Prop. 3.6] but violates (α) [9, Prop. 13]. Therefore, w(t) =M(tσ)
satisfies all requirements.
We now further specialize Proposition 6.10 to a class of weights introduced by
Gelfand and Shilov in [16, Chap. IV, Appendix 2]. Let µ be an increasing positive func-
tion on [0,∞) and consider w(t) = ∫ t
0
µ(s)ds, t ≥ 0. We write Kw(Rd) = B˙W˜w(Rd) =
BW˜w(Rd).
Theorem 6.13. Let µ be an increasing positive function on [0,∞) and set w(t) =∫ t
0
µ(s)ds. Then, the following statements are equivalent:
(i) O′C(Kw) is ultrabornological.
(ii) w satisfies (α).
(iii) There are L,B ≥ 1 such that
(6.6) µ(2s) ≤ Lµ(s) + B
s
, s > 0.
Proof. Clearly, log(1 + t) = O(w(t)) (in fact, t = O(w(t))). Next, we show that w
satisfies (6.4). Since µ is increasing, we obtain that
2w(t) ≤
∫ t
0
µ(s)ds+
∫ t
0
µ(s+ t)ds =
∫ t
0
µ(s)ds+
∫ 2t
t
µ(s)ds =
∫ 2t
0
µ(s)ds = w(2t).
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Hence, in view of Proposition 6.10, it suffices to show that w satisfies (α) if and only
if µ satisfies (6.6). Suppose first that µ satisfies (6.6). Then,
w(2t)− w(t) =
∫ 2t
t
µ(s)ds = 2
∫ t
t/2
µ(2s)ds ≤ 2
∫ t
t/2
(
Lµ(s) +
B
s
)
ds
≤ 2L
∫ t
0
µ(s)ds+ 2(log 2)B = 2Lw(t) + 2(log 2)B.
Conversely, assume that w satisfies (α). By applying (α) twice, we obtain that
w(4s)− w(2s) ≤ (H ′ − 1)w(2s) + logC ′0 ≤ H ′(H ′ − 1)w(s) +H ′ logC ′0
Since µ is increasing, we have that
µ(2s) =
µ(2s)
log 2
∫ 4s
2s
1
u
du ≤ 1
log 2
∫ 4s
2s
µ(u)
u
du ≤ 1
2(log 2)s
∫ 4s
2s
µ(u)du
=
1
2(log 2)s
(w(4s)− w(2s)) ≤ H
′(H ′ − 1)
2(log 2)s
w(s) +
H ′ logC ′0
2(log 2)s
=
H ′(H ′ − 1)
2(log 2)s
∫ s
0
µ(u)du+
H ′ logC ′0
2(log 2)s
≤ H
′(H ′ − 1)µ(s)
2(log 2)
+
H ′ logC ′0
2(log 2)s
. 
Remark 6.14. The topological properties of the convolutor spaces O′C(Kw) were dis-
cussed by Abdullah. On [1, p. 179] he states that the spaces O′C(Kw) are always ultra-
bornological but he does not provide a proof of this assertion. Theorem 6.13 shows that
his claim is actually false. By Remark 6.11 the space O′C(Kw) is not ultrabornological
if w is not polynomially bounded. On the other hand, one can use Example 6.12 to
construct weights w of the form w(t) =
∫ t
0
µ(s)ds with w(t) = O(t1+σ), for a fixed but
arbitrary σ > 0, such that w does not satisfy (α) (take µ to be any function satisfying
the conditions from Example 6.12 and use Theorem 6.13(iii)).
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